Partial Differential Equations (TATA27)
Spring Semester 2017
Homework 3

3.1 Consider two points x,y € R? with polar coordinates (r,#) and (a, ¢), respectively. Using a
geometric argument (or otherwise) show that

Ix —y|? = r? — 2arcos( — ¢) + a*.

Use this fact to help you rewrite the Poisson formula
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32 Let W = {x=(r,§) € R®|0<r <aand 0 <6 < S} denote a wedge of length a and angle

B (where (r,8) are polar coordinates). Using the same procedure as we used to derive the
Poisson formula for D derive a analogous formula for the solution u to

Au=0 in W,
u(r,0) = u(r,f) =0 for r € (0,a), and
u(a,0) = h(0) for 0 € (0,5),

3.3 Green’s second identity says that for two functions u,v € C?(€)

/ u(x)Av(x) — v(x)Au(x)dx = / u(x)@(x) - v(x)a—u(x)do(x). (5.10)
0 o0 on on
Use Green’s first identity (5.8) to prove (5.10).
3.4 Consider the function ®: R™ \ {0} — R defined by
— e In [x| ifn=2,
P(x) = { o) 1 if n>2
n(n—2)a(n) |x|*—2 )

where a(n) is the volume of the unit ball in R™. (So, in particular, «(2) = 7 and «(3) = 47/3.)

(a) Prove that ® is harmonic on R™ \ {0}.
(b) Consider the domain B,(0) = {y € R"||y| < r}. Then the outward unit normal at
x € 0B,(0) is n(x) = x/|x|. Prove that
8‘1’( ) -1 1
T ix) =
On na(n) |x|71

foreachn=1,2,....

3.5 Let Q be an open set with C!' boundary, and let f: Q — R and h: 9Q — R. Use Green’s first
identity (5.8) to prove the uniqueness of solutions u € C%(Q) to the following boundary value
problems.

(a)
Au=f in 2, and
u=~h on 0f2
(b)
Au=f in Q, and
g—z +au=nh on 0f)
where du/0n :=n - Vu, n is the outward unit normal to 92 and a > 0 is a constant.
3.6 Consider a solution u € C?(Q) to the boundary value problem
Au=f in 2, and
g—ﬁ =h on 0N

Observe that for any ¢ € R u+ c is also a solution. Could there be any more C?(Q) solutions?



