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You can use on this examination Formelsamlingen i partiella diff.ekv. for
M3 av L-E Andersson and dictionaries. No calculators.

1. Consider the following Dirichlet problem for the heat equation on the
half-line:
U — kg, =0 fort>0and 0 <z < oo

and
u(0,t) =0 fort >0,

supplied with the initial condition

u(z, 0) = 2 forO<z<1
/71 0 forz > 1.

Calculate u;(0,¢) and show that this function is strictly decreasing
and tends to 0 as t tends to oo.

2. Solve the following boundary value problem for the wave equation:
Ut = Uz for 0 <z < mandt >0,

u(0,t) = ug(m,t) =0 fort >0

and
u(z,0) =1 and wu(z,0) =sin(z/2) for 0 <z <.

3. Consider the function u = u(x,y) which satisfies the Poisson equation
Au=1 for 2% +9% <1
and the following Dirichlet condition
u(z,y) = cos®(x +y) for 2?2 +y% = 1.
Show that
—1/2 <u(z,y) — (@ +9y*>+1)/4 <1/2 fora?+9> < 1.
4. Find A
min/2 (u? 4+ un 4 2u*)dr,

where minimum is taken over all functions satisfying u(2) = 2 and
u(4) = 3.



5. Solve the problem
—u"(z) + 4u(z) = 6(x — 3) for z >0, u(0)=0,

and u(x) — 0 as * — oo. (Hint: use Fourier transform to find a
particular solution to the equation)

6. Let D = {(z,y,2) € R?: 1 < 2? + y? + 2% < 5}. Prove that the heat
equation
ur — Au=x in D for ¢t > 0,

with boundary conditions

0
w=1 for 22 + 9>+ 22 =1, 8#20 for 22 +y> + 22 =5 and for t > 0
i)
and with the initial condition
u=0 fort=0

has at most one solution. Here n is the unit outward normal to the
boundary of D. (Hint:use the energy method)



