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where h = 1/4kt. By differentiating one can check that the right hand

side is a positive and increasing function of h.

2.
u(z,y) = Z(ak sin(k + 1/2)t + by, cos(k + 1/2)t) sin(k + 1/2)x.
k=0
using the initial conditions, we obtain
[ee]
u(x,y) = 2sin(t/2) sin(z/2) + Z by cos(k + 1/2)tsin(k + 1/2)x,
k=0
where
4
P rk+ 1)

3. Consider the function v(x,y) = u(x,y) — (v?+y*+1)/4. This function
is harmonic and v(z,y) = cos?(z +y) — 1/2 for 2 +y? = 1. Observing
that cos?(z +y) — 1/2 = cos(2(x + y))/2, we conclude that |v| < 1/2
for 22 + 2 = 1. Application of the maximum principle leads to the
required inequality.

4. The Euler equation is
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Its general solution is

U= ae_$/‘/§ + bez/ﬂ.

To find @ and b we use the boundary conditions:

u(2) = ae V2 +beV2 =2 and u(4) = ae~2V2 { pe2V2 = 3,



Solving this system, we find

Finally,

i = (22 ) () o ) (o)

u(z) = i<6—2|x—3| _ 6—2(x+3)).

. Let u1 and ug be two solutions. Then the function © = u; — uy satisfies

ug—Au=0 in D fort >0 (1)
and
2.2 .2 du 2 .2 .2
u=0 for z*+y*+2°=1, 7 =0 for z* 4+ y* +2° =05, for t > 0.
n

Moreover u = 0 for ¢ = 0. Multiplying (1) by w and integrating over
D, we obtain

/ (upu — Auu)dzdydz = 0.
D

Using Green’s first identity for the second term in the left-hand side
and taking into account the homogeneous boundary conditions, we
arrive at

/ (upu + Vu - Vu)dzdydz = 0.
D

Since 2uzu = d(u?)/dt, we can rewrite it as

1 d 2 2 .
/D (§£u + |Vl )dz:dydz = 0.

Integrating this from 0 to T we obtain
T
/ (u*(x,y,2,T) — u?(x,y,2,0))dedydz —|—/ / \Vu|?dzdydz = 0.
D o JD

Since u = 0 for ¢t = 0, we have Vu = 0 and u = 0 for ¢ = T'. Since T is
arbitrary, this implies v = 0 and hence u; = us.



