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1. We are looking for u in the form u = 1 + v. Then v satisfies

vtt = 4vxx for x > 0 and t > 0,

v(0, t) = 0 for t > 0

and
v(x, 0) = x− 1 and vt(x, 0) = x2 for x > 0.

Now we can use the odd extension and d’Alembert’s formula, as the result we obtain

v(x, t) = x− 1 +
1

12

(
(x+ 2t)3 − (x− 2t)3

)
for x > 2 t

and

v(x, t) = x+
1

12

(
(x+ 2t)3 − (2t− x)3

)
for x < 2 t.

Therefore, u(1, 1) = 2 + 1
12(33 − 1) = 25

6 .

2. We are looking for the solution u in the form u = 1− x+ v. Then v satisfies

vt = 4vxx for 0 < x < 2 and t > 0,

v(0, t) = 0 and vx(2, t) = 0 for t > 0

and
v(x, 0) = x− 1 for 0 < x < 2.

Now, we can use the method of separation of variables, which gives

v(x, y) =

∞∑
k=0

Ake
−4λkt sin

√
λkx,

where

λk = π/4 + kπ/2, k = 0, 1, 2, . . . and Ak =

∫ 2

0
(x− 1) sin

√
λkxdx.

3. We cannot apply the maximum principle for the non-homogeneous Poisson equation.
We represent u as u = x2 + y2 + v. Then v satisfies

vxx + vyy = 0 for 0 < x < 1 and 0 < y < 2

and is subject to the Dirichlet boundary conditions

u(x, 0) = x− x2 for 0 < x < 1, u(1, y) = 2y − y2 for 0 < y < 2,

u(x, 2) = 3x− 2− x2 for 0 < x < 1 and u(0, y) = y − y2 for 0 < y < 2.

Applying the maximum principle we get −2 ≤ v(x, y) ≤ 1 which implies

−2 + x2 + y2 ≤ u(x, y) ≤ 1 + x2 + y2.
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4. Equation for u is u′′ − u = ex/2. Its general solution is

u(x) =
xex

4
+ aex + be−x.

Using the first boundary condition, we obtain

u(x) =
(x− 1)ex

4
+ a(ex−1 − e−x+1).

Taking into account the second boundary condition we get

a =
4(e−3 − e3)

3e4

5. The answer is
f

′′
= g(x) + 2δ(x− 2) + 2δ(x− 3),

where g(x) = 2 if x < 2 or x > 3 and g(x) = −2 if 2 < x < 3.

6. Assume that there are two solutions u1 and u2 of the problem. Then u = u2 − u1
satisfies

utt − uxx − uyy = 0 for x2 + y2 < 2 , t > 0, (1)

u(x, y, t) = 0 for x2 + y2 = 2, t > 0

and
u(x, y, 0) = ut(x, y, 0) = 0 for x2 + y2 < 2.

Multiplying (1) by ut and integrating over the disc D = {(x, y) : x2 + y2 < 2} we get∫
D

(utt − uxx − uyy)utdxdy = 0. (2)

Using that ∫
D
uttutdxdy =

1

2

d

dt

∫
D
u2tdxdy

and

−
∫
D

(uxx + uyy) utdxdy =

∫
D

(ux uxt + uy uyt)dxdy =
1

2

d

dt

∫
D

(u2x + u2y)dxdy,

we derive from (2) that

d

dt

(∫
D

(u2t + u2x + u2y)dxdy
)

= 0,

which implies ∫
D

(u2t + u2x + u2y)dxdy = c for all t,

where c is a constant. Using zero initial conditions for u we conclude that the left-hand
side of the last equality is zero for t = 0 and hence the constant c is also zero. This
implies that ut = 0 and ux = uy = 0 and therefore u is a constant. Since u = 0 on the
boundary we obtain u = 0 everywhere.
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