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1. We are looking for u in the form v = 1 + v. Then v satisfies
vy = 4vy, for x>0 and t > 0,

v(0,t) =0 for ¢t >0

and
v(x,0) =z —1 and v (x,0) = 2? for z > 0.

Now we can use the odd extension and d’Alembert’s formula, as the result we obtain

1
v(z,t) =x — 1+ﬁ((.%'+2t)3 — (z —2t)) for x > 2t

and 1
v(x,t) =x+ ﬁ((az +2t)° — (2t — )% for x < 2t.
Therefore, u(1,1) =2+ £(3% — 1) = 2.
2. We are looking for the solution « in the form v =1 — x 4+ v. Then v satisfies

v =4y, for 0 < ax < 2andt >0,

v(0,t) =0 and wv,(2,t) =0 for t >0

and
v(r,0) =z —1 for 0 <z < 2.

Now, we can use the method of separation of variables, which gives

o0
v(z,y) = Z Ape M sin /A,

k=0

where
2
MNe =7/44+kn/2,k=0,1,2,... and Ay = / (z — 1) sin / \pxdz.
0
3. We cannot apply the maximum principle for the non-homogeneous Poisson equation.
We represent u as u = 22 4+ y% + v. Then v satisfies
Vgg +Vyy =0 for0 <z <land 0 <y <2

and is subject to the Dirichlet boundary conditions

u(z,0) =z —22 for0 <z <1, uly) =2y —5> for 0<y <2,
u(z,2) =3z —2—2% for0 <z < 1and u(0,y) =y —1y> for0<y<2.

Applying the maximum principle we get —2 < v(x,y) < 1 which implies

2422+ y? <u(z,y) <1+2%+9°



4. Equation for u is u” —u = e /2. Its general solution is

T
u(z) = % + ae® + be™ .

Using the first boundary condition, we obtain

(r—1)e”

u(z) = — 7 a(e® 1t — ¥,

Taking into account the second boundary condition we get

4(6_3 — 63)

a =
3et

5. The answer is

/

£ =g(x) +28(x — 2) + 26(z — 3),
where g(x) =2if x <2orz >3 and g(x) = -2if 2 <z < 3.

6. Assume that there are two solutions w7 and ug of the problem. Then v = us — uq
satisfies
Ut — Uggy — Uyy = 0 for 22 + 42 <2 ,t >0, (1)

u(w,y,t) =0 for x> +y?=2,t>0

and
u(x,y,0) = uy(z,y,0) =0 for 2% + 9% < 2.

Multiplying (1) by u; and integrating over the disc D = {(z,y) : 2% +3? < 2} we get

/ (Ut — Uz — Uyy)urdzdy = 0. (2)
D
Using that
1d 9
i upupdrdy = 3 i uydzdy
and

1d
—/ (Ugg + Uyy) wpdady = / (Up Ugt + Uy Uy )drdy = = — / (ui + u2)dxdy,

we derive from (2) that

d
dt(/D(th +u2 + ui)dmdy) =0,

which implies
/D(u? +u2 + uZ)d:):dy =c¢ for all t,

where c is a constant. Using zero initial conditions for u we conclude that the left-hand
side of the last equality is zero for t = 0 and hence the constant ¢ is also zero. This
implies that u; = 0 and u; = uy = 0 and therefore u is a constant. Since u = 0 on the
boundary we obtain u = 0 everywhere.



