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1.

ux(0, t) =
4
√
kt√
π

2.

u(x, y) = cosπt sinπx+
∞∑

k=1

Ak sin kπt sin kπx

where

Ak =
2((−1)k − 1)

k2π2

3. Using the maximum principle for the function v(x, t) = u−((x−α)2 +
(y − α)2)/4, we obtain the inequalities v(x, t) ≤ max(−α2/4,−(1 −
α)2/4), which imply

u(1/2, 1/2) ≤ (1/2− α)2/2 + max(−α2/4,−(1− α)2/4).

Using this inequality for α = 1/2 we arrive at the required result.

4. The Euler equation is
2u

′′
= u

and its general solution is

u = aex/
√

2 + be−x/
√

2.

Using the boundary conditions for u we obtain

u = e−x/
√

2.

Therefore

min =
∫ ∞

0
(
1
2

+
x√
2

+ 1)e−
√

2xdx =
√

2

5.
f

′′
(x) = −(e− 2)δ′(x− 1) + (3− e)δ(x− 1) + h(x),

where h(x) = − sinx for x < 0, h(x) = ex for 0 < x < 1 and h(x) = 6x
for x > 1.
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6. Let u1 and u2 be two different solutions. We introduce the function
u = u1 − u2. We have ∫

V
(∆u)udV = 0

Using Green’s formula, we obtain∫
V
|∇u|2dV =

∫
S
u
∂u

∂n̂
dV .

Since ∂u
∂n̂ = −αu we have that∫

V
|∇u|2dV = −α

∫
S
u2dV .

This implies u = 0 on S and ∇u = 0 in V . Therefore u = 0.
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